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2the usual identication (t; r; ; z)  (t; r;  + 2; z) must be observed. The case for which  = 1 and  = 0 clearly
corresponds to the Minkowski spacetime.
In the context of general relativity Eq. (2) encodes the fact that Eq. (1) hides a curvature singularity on the
symmetry axis. [In the Einstein-Cartan theory there exists also a torsion singularity on the symmetry axis, when
 6= 0.]
III. THE RENORMALIZED PROPAGATOR



















is just the d'Alembertian in Minkowski spacetime written in cylindrical coordinates. By taking into account
Eq. (2), the non-trivial geometry manifests itself only through,
G
F
(' + 2;Z + 2) = G
F
(';Z); (4)
where the other coordinates were omitted.


















where n is an integer, ! and  are real numbers,  is a positive real number and J

denotes a Bessel function of the










. By observing Eq. (5) and recalling the
Aharonov-Bohm set up, one notes that  resembles the ux parameter which shifts the eigenvalues of the angular
momentum operator [14]. (This analogy has also been pointed out in Refs. [19, 20] in related contexts, and its roots
lie in the gauge theory aspects of gravity.)




































































where the integration over T is regularized by subtracting an innitesimal imaginary term from E
!;;
. Evaluating























































denotes a modied Bessel function of the rst kind.
In order to tackle renormalization, a convenient integral representation for I

























3which holds for  > 1=2 (smaller values can be considered by taking into account terms that were omitted), being
crucial to implementing renormalization and to performing the integration over  in Eq. (8). (It should be pointed
out that the integral representation for I

mentioned above has previously been used in related contexts [11, 22].)











































































=2iT ) cosh  jn+j=
: (11)
Observing the factor sine in Eq. (11), for  = 1 and  = 0 Eq. (11) vanishes leaving in Eq. (10) only the Minkowski




) (cf. next Section) its ultraviolet divergences





) in Eq. (10) (as the background geometry of
a cosmic dispiration is locally at [cf. Eq. (1)], all the ultraviolet divergences are encapsulated in the Minkowski
contribution [6]).




) can be obtained
by inserting in Eq. (11) Æ[   (n + )=] (obviously accompanied with an integration over ). Recalling that
f(x)Æ(x y) = f(y)Æ(x y), one uses Eq. (6) before evaluating a Gaussian integration over . Finally, the integrations














































where t := t   t
0
, likewise for ' and Z.
As  ! 0, the summation in Eq. (12) can be evaluated by considering the power series expansion of  (x) (the
logarithmic derivative of the gamma function) and its properties, yielding as leading contribution a familiar integral
representation [23] for the renormalized scalar propagator in an ordinary conical background ( = 0). On the other
hand, as  !1 , the expression for the leading behavior is obtained from Eq. (12) by ignoring the summation and





Formally (see e.g. [4]), the vacuum uctuation h
2
(x)i can be obtained by setting x
0
= x in Eq. (12), and































































which does not depend on the direction of the screw dislocation, i.e., on the sign of . The considerations at the end


























4where the integration in the rst term of the right hand side of Eq. (13) was evaluated numerically. [It is rather
curious that Eq. (15) follows from Eq. (14) by setting !1.]
Apart from theses asymptotic behaviors, the dependence of h
2
(r)i on r is nontrivially hidden in Eq. (13), requiring
numerical analysis. The plots (where units were omitted) show how h
2
(r)i varies with r for various combinations of
values of  and .



















FIG. 3: Plots corresponding to screw dislocation eects.
When  6= 0, Eq. (14) shows that for very large values of r disclination eects are dominant (cf. Figs. 1 and 2),
whereas for very small values of r, according to Eq. (15), screw dislocation eects rule in an way typical of vacuum
uctuations near boundaries [5] (near the dispiration h
2
(r)i is essentially independent of the cosmic dispiration
attributes).
For arbitrary values of r, numerical and analytical examinations show that when   1, h
2
(r)i  0 (cf. Figs. 2
and 3). When  < 1 the screw dislocation and disclination eects dispute, rendering h
2
(r)i to have a maximum
which, by simple dimensional considerations, is found to be proportional to 1=
2









FIG. 4: The intermediate plots, from the bottom, correspond to  = 1:5; 0:95; 0:9; 0:83, respectively.
is proportional to jj (cf. Figs. 1 and 4). Similar analysis reveals that, when  < 1, h
2
(r)i vanishes at r = r
0
, which
is obviously also proportional to jj.




move towards r = 0 as jj decreases (cf. Fig. 1). For a given  6= 0, as




also move towards r = 0 (cf. Fig. 4).
It should be appreciated that when  < 1,  = 0 and  6= 0 behaviors dier radically from each other as r ! 0.
Namely, for  = 0 h
2
(r)i diverges positively, whereas for  6= 0 h
2
(r)i diverges negatively [cf. Eq. (14), Eq. (15)
and Fig. 1].
Before closing this section, it should be pointed out that, when  6= 0, Eq. (14) is the leading contribution as r !1
only when  6= 1. When  = 1, Eq. (14) vanishes and the sub-leading contribution, due to the screw dislocation,





an analysis seems to show that h
2
(r)i falls dierently as r ! 1 (cf. Figs. 3 and 4). [In fact, Eq. (13) is not very
handy to determine sub-leading contributions, and an alternative expression can be more useful for this purpose.]
V. FINAL REMARKS
This work presented a renormalized expression for the Feynman propagator of a scalar eld around a cosmic
dispiration. The propagator was then used to calculate h
2
(x)i of a massless (x) as a preliminary exercise to tackle
more elaborate vacuum uctuations. The expectation is that the results may be useful in cosmology and condensed
matter physics.
Few remarks are in order. It was argued in the previous section that, as long as h
2
(r)i is concerned, disclination
eects are dominant over screw dislocation eects when r ! 1, and the other way around when r ! 0. This
result should not be extended to all vacuum uctuations without caution, since some of them are obtained from the
renormalized propagator by applying prescriptions which may kill o the dominant contribution in Eq. (12).
Symmetry considerations show that the geometrical background of a cosmic dispiration is closely related with that
of a spinning cosmic string [14], which is also locally at [cf. Eq. (1)] with a time helical structure characterized
by the identication (t; r; '; Z)  (t + 2S; r; '+ 2;Z) [instead of the space helical structure in Eq. (2)]. Such a
helical time structure poses serious diÆculties to implement quantization, since the corresponding spacetime is not
globally hyperbolic [5]. In fact, by insisting in implementing quantization along usual procedures, one ends up with
observables presenting pathological behavior [12, 13, 19]. [h
2
(r)i around a spinning cosmic string can be obtained
from Eq. (13) by taking ! iS, rendering the vacuum uctuation divergent [12].]
The summation in Eq. (13) could, in fact, be evaluated. The resulting integral representation for h
2
(r)i, however,
does not oer either analytical or computational advantage. It is given by Eq. (9) of Ref. [12], after replacing S by
i. [Incidentally, it can be noticed that the factor sin(x=) in Eq. (9) of Ref. [12] is a misprint which should be read
as sinh(x=).]
6Acknowledgments
This work was partially supported by the Brazilian research agencies CNPq and FAPEMIG.
[1] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge,
England, 1994).
[2] E. Kroner, in Continuum theory of defects| Physics of Defects, Proceedings of the XXXV Less Houches Session 1980,
edited by R. Balian et al. (North-Holland, Amsterdam, The Netherlands, 1981).
[3] M.O. Katanaev and I.V. Volovich, Ann. Phys. (N.Y.) 216, 1 (1992).
[4] N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, England,
1982).
[5] S. A. Fulling, Apects of Quantum Field Theory in Curved Space-time (Cambridge University Press, Cambridge, England,
1989).
[6] R. M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics (The University of Chicago
Press, Chicago, 1994).
[7] F. Moraes, Braz. J. Phys. 30, 304 (2000).
[8] M. Bordag, U. Mohideen and V.M. Mostepanenko, Phys. Rep. 353, 1 (2001).
[9] V.A. De Lorenci and E.S. Moreira, Jr., Phys. Rev. D 65, 085013 (2002).
[10] V.B. Bezerra, J. Math. Phys. 38, 2553 (1997).
[11] I. Pontual and F. Moraes, Philos. Mag. A 78, 1073 (1998).
[12] V.A. De Lorenci and E.S. Moreira, Jr., Phys. Rev. D 63, 027501 (2001).
[13] V.A. De Lorenci and E.S. Moreira, Jr., Phys. Rev. D 65, 107503 (2002).
[14] D.V. Gal'tsov and P.S. Letelier, Phys. Rev. D 47, 4273 (1993).
[15] J.D. Bekenstein, Phys. Rev. D 45, 2794 (1992).
[16] K.P. Tod, Class. Quant. Grav. 11, 1331 (1994).
[17] P.S. Letelier, Class. Quant. Grav. 12, 471 (1995).
[18] R.A. Puntigam and H.H. Soleng, Class. Quant. Grav. 14, 1129 (1997).
[19] P.S. Gerbert and R. Jackiw, Commun. Math. Phys. 124, 229 (1989).
[20] P.S. Gerbert, Nucl. Phys. B 346, 440 (1990).
[21] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press, New York, 1980).
[22] K. Shiraishi and S. Hirenzaki, Class. Quantum Grav. 9, 2277 (1992).
[23] M.E.X. Guimar~aes and B. Linet, Commun. Math. Phys. 165, 297 (1994).
[24] A.G. Smith, in The formation and Evolution of Cosmic Strings, Proceedings of the Cambridge Workshop, Cambridge,
England, 1989, edited by G. W. Gibbons, S. W. Hawking, and T. Vachaspati (Cambridge University Press, Cambridge,
England, 1990).
